Recent attempts at studying the Fermat equation over number fields have uncovered an unexpected and powerful connection with S-unit equations. In this expository paper we explain this connection and its implications for the asymptotic Fermat conjecture.
Introduction
Every mathematician is familiar with the statement of Fermat's Last Theorem, proved by Wiles and Taylor [Wil95] , [TW95] in 1994.
Theorem 1.1 (Wiles) . Let p ≥ 3 be a prime. Then the only solutions to the equation (1.1)
x p + y p + z p = 0 with x, y, z ∈ Q satisfy xyz = 0.
This survey is concerned with generalizations of Fermat's Last Theorem where Q is replaced by a number field K, and also with similar Fermat-type equations (1.2) Ax p + By p + Cz p = 0, Ax p + By p = Cz 2 , Ax p + By p = Cz 3 , again over number fields. Interest in the Fermat equation (1.1) over number fields goes back to the 19th century and early 20th century. The early history is surveyed by Dickson [Dic66, pages 758 and 768] in his monumental History of the Theory of Numbers. Before Wiles, most attacks on the Fermat equation over number fields were in fact generalizsations of Kummer's cyclotomic approach to the Fermat equation over Q. For example, Hao and Parry [HP84] use the Kummer approach to prove several results concerning the exponent p Fermat equation (1.1) over a quadratic field Q( √ d) subject to the condition that the prime p does not divide the class number of Q( √ d, ζ p ). The following theorem is due to Kolyvagin [Kol01] , and is a beautiful example of how far the cyclotomic approach can be pushed.
Theorem 1.2 (Kolyvagin) . Let p ≥ 5 be a prime and write ζ p for a primitive p-th root of unity. Let x, y, z ∈ Z[ζ p ] satisfy (1.1), with (1 − ζ p ) ∤ xyz (such a solution is called a 'first case solution'). Then p 2 | (q p − q) for all primes q ≤ 89 with q = p.
Another historically popular approach is to fix a prime exponent p and consider points of low degree (i.e. points defined over number fields of low degree) on the Fermat curve x p + y p + z p = 0. For example, Gross and Rohrlich [GR78] determine all points on the Fermat curve F p : x p + y p + z p = 0 for p = 3, 5, 7, 11 over all number fields K of degree ≤ (p − 1)/2 through studying the Mordell-Weil group of the Jacobian of F p .
Let K be a number field. We say that a solution (x, y, z) ∈ K 3 to the Fermat equation (1.1) is trivial if xyz = 0 and non-trivial if xyz = 0. In this survey we are primarily concerned with the following conjecture, which appears to have first been formulated in [FKS20].
Conjecture 1.3 (The Asymptotic Fermat Conjecture). Let K be a number field, and suppose ζ 3 / ∈ K. There exists a constant B K depending only on K such that for all primes p > B K the only solutions to the Fermat equation (1.1) with (x, y, z) ∈ K 3 are the trivial solutions.
Remarks.
• Observe that for p = 3 we have 1 p + ζ p 3 + ζ 2p 3 = 0. For this reason it is necessary to exclude number fields containing ζ 3 in the statement of the conjecture.
• We cannot expect the statement of Fermat's Last Theorem to be true over every number field without modification. Indeed, fix the exponent p for now. The Fermat curve F p : x p + y p + z p = 0 contains the rational point (1 : −1 : 0). Now take a line defined over Q through this point. This must intersect F p in a further p−1 points. We see that F p has an infinite family of points defined over number fields of degree ≤ p−1. It therefore makes sense to consider the Fermat equation over a given number field asymptotically, i.e. for large exponents p.
The Modular Approach-An Example of Serre and Mazur
As we shall see later, it is often possible to relate non-trivial solutions to Fermattype equations to solutions to certain S-unit equations. In this section we sketch the earliest instance of this phenomena, which is an example due to Serre and Mazur, given in Serre's 1987 Duke article where he formulated his famous modularity conjecture [Ser87] . The sketch will be slightly technical, and the reader unfamiliar with Galois representations and modularity should feel free to skim through it. Good introductions to the subject include [BMS16] and [Sik12] .
Let L be either 1 or an odd prime. Let (x, y, z) ∈ Z 3 be a solution to the equation
where the exponent p is a prime ≥ 5 and r is a non-negative integer. We suppose p ∤ r otherwise we can absorb the factor L r into z p . Note that we allow L = 1 as we would like to include Fermat's Last Theorem in our sketch. We shall suppose that the solution is non-trivial: xyz = 0. Moreover we may (after suitable scaling and possible rearrangement of the variables) suppose that gcd(x, y, Lz) = 1. We let A, B, C be the three terms x p , y p , L r z p arranged so that A ≡ −1 (mod 4) and 2 | B. Let E ′ be the Frey elliptic curve
Serre studies the mod p representation ρ E ′ ,p of E ′ , which is irreducible by Mazur's isogeny theorem. It follows from theorems of Ribet and Wiles that the representation ρ E ′ ,p arises from a cuspidal newform f of weight 2 and let N = 2L. If L = 1 (the FLT case) then N = 2. However, there are no newforms of weight 2 and level 2, which gives a contradiction, and so there are no non-trivial solutions for L = 1. The proof of Fermat's Last Theorem is complete at this point. In fact there no newforms of weight 2 and levels 6, 10, 22. Thus for L = 3, 5, 11 we can also conclude that there are no non-trivial solutions to (2.1). However, for all other odd prime values L = 7, 13, 17, 19, . . . there are newforms of weight 2 and level 2L.
To progress we need to know a little about the relationship between E ′ and the newform f . The newform f has a q-expansion
The coefficients c n generate a totally real field K f and in fact belong to the ring of integers O of K f . There is some prime ideal ̟ of O dividing p so that for any prime ℓ ∤ 2Lp the following relations hold
We do not know the elliptic curve E ′ as this depends on a hypothetical solution to (2.1). However, given ℓ, the trace a ℓ (E ′ ) is an integer belonging to the Hasse interval [−2 √ ℓ, 2 √ ℓ]. It follows from the above congruences that ̟ divides
As ̟ is a prime ideal dividing p it follows that p | B ℓ where B ℓ = Norm K f /Q (β ℓ ). This gives a bound for the exponent p provided B ℓ = 0 or equivalently β ℓ = 0. Note that if c ℓ / ∈ Q then β ℓ = 0. If K f = Q then there is a positive density of primes ℓ such that c ℓ / ∈ Q and choosing any of these with ℓ ∤ 2L gives a bound for p, and we will be content with that. From now on our aim is to show that p is bounded. For example, there are newforms of weight 2 and level 2 × 37 but these are irrational (a newform f is irrational if K f = Q and rational if K f = Q). Thus the exponent p is bounded for non-trivial solutions to (2.1) when L = 37. However, this is not the case for L = 7, 13, 17, 19, 23, 29, 31, 41, . . . where we do find rational newforms at levels 2L. We now ignore the irrational newforms (as they give a bound for p) and focus on the rational ones.
A theorem of Eichler and Shimura asserts that a rational weight 2 newform f corresponds to an isogeny class of elliptic curves E defined over Q. This correspondence was made more precise by Carayol [Car83] who showed that the level N of f is equal to the conductor of each E in the isogeny class. The correspondence asserts that a ℓ (E) = c ℓ for all primes ℓ ∤ N . We apply this to our rational newform f of weight 2 and level N = 2L. The earlier congruences become
Note that E ′ has full 2-torsion and thus 4 | #E ′ (F ℓ ) for all primes ℓ of good reduction. However, #E ′ (F ℓ ) = ℓ + 1 − a ℓ (E ′ ). Thus a ℓ (E ′ ) belongs to the set
This leads us to conclude that p divides
for any prime ℓ ∤ 2L. If γ ℓ is non-zero for some ℓ ∤ 2L then we have a bound for the exponent p for non-trivial solutions to (2.1). If a ℓ (E) / ∈ T ℓ for some prime ℓ ∤ 2L then γ ℓ is non-zero and we have a bound for p. Thus we are reduced to the case where a ℓ (E) ∈ T ℓ or equivalently 4 | #E(F ℓ ), for all primes ℓ ∤ 2L. It follows from the Chebotarev density theorem that E is isogeneous to an elliptic curve with full 2-torsion, and since E is really determined only up to isogeny we now suppose that E has full 2-torsion. It remains to determine, for which odd primes L, is there an elliptic curve E/Q with full 2-torsion and conductor 2L. The answer is given by the following lemma. Proof sketch. Such an E necessarily has model
with a, b ∈ Z and ab(a+ b) = 0; indeed the discriminant is 16a 2 b 2 (a+ b) 2 . Moreover we can choose a, b so that this model is minimal away from 2. Thus
This is an S-unit equation with S = {2, L} (S-unit equations are defined in Section 4). It is an easy exercise to conclude from this equation that L is a Fermat or a Mersenne prime, or that v 1 = v 2 = v 3 . However if v 1 = v 2 = v 3 then the exponent of L in the conductor of E is not 1. Also for the Mersenne and Fermat primes L = 3, 5, 7 and 17, the exponent of 2 in the conductor of E is not 1. So we conclude that L is a Mersenne or a Fermat prime and L ≥ 31.
We have the following theorem. 
Modular Approach-A General Sketch
Most modern attacks on Fermat-type equations (1.2) over a number field K follow the strategy of Serre and Mazur outlined in the previous section, which we now briefly describe in more generality. Again the reader should feel free to skim this section. The steps are roughly as follows:
(I) Associate a Frey elliptic curve E ′ to a non-trivial solution (x, y, z).
(II) Show that the mod p representation ρ E ′ ,p is irreducible. No generalization of Mazur's isogeny theorem is available over number fields. However the desired irreducibility often follows for suitably large p from Merel's uniform boundedness theorem using the fact that the Frey curve is close to being semistable. This approach is explained in [FS15b] . (III) Show that the ρ E ′ ,p is modular of parallel weight 2 and level N which is independent of the solution (x, y, z) (the level N is an ideal in the ring of integers O K ). Over totally real fields it is often possible to use the work of Kisin, Gee, and others to achieve this. For example, in [FLHS15] it is shown that for a given totally real field K all but finitely many j-invariants are modular. This is usually enough to show that ρ E ′ ,p is modular for p sufficiently large. Over general number fields we know much less about modularity of elliptic curves and it is often necessary to assume a version of Serre's modularity conjecture, as for example in [ŞS18] , [Ţ ur18]. (IV) Determine newforms of parallel weight 2 and level N . This is often a difficult step over number fields. If there are none then one can conclude that there are no non-trivial solutions. If they are all irrational then one should be able to at least bound the exponent p. (V) Instead of determining all newforms of parallel weight 2 and level N one can focus on the rational newforms. Here there is a conjectural generalization of the Eichler-Shimura theorem which is often called the Eichler-Shimura conjecture. If K is totally real this simply says that a newform of parallel weight 2 and level N corresponds to an isogeny class of elliptic curves E of conductor N , and this conjecture is in fact known to be true (e.g. [Hid81] ) if N is not squarefull (i.e. there is a prime ideal q with ord q (N ) = 1). For a version of the Eichler-Shimura conjecture over general number fields K see [ŞS18] . At any rate, assuming this conjecture, or relying on special cases of the conjecture that are theorems, we know the existence of an elliptic curve
It is usually possible to show that E has the same torsion structure as E ′ . (VI) So we would like to determine all elliptic curves E/K of condutor N and having a certain torsion structure. This can be treated as a Diophantine problem. For example, to determine all elliptic curves E/K of conductor N with full 2-torsion it is enough to solve a certain S-unit equation where S is the set of prime ideals dividing 2N (we will say more on that in Section 4). Not every solution to the S-unit equation will lead back to an elliptic curve of the right conductor. For example, in the proof of Lemma 2.1 we excluded solutions to the S-unit equation (2.2) with v 1 = v 2 = v 3 as these do not lead back to an elliptic curve of conductor 2L. Thus we are probably interested in all solutions to the S-unit equation that satisfy further restrictive conditions.
S-Unit Equations
Let K be a number field, O K be its ring of integers and S be a finite set of primes ideals of O K . In simplest terms, the notion of S-unit generalizes the idea of a unit in O K .
Definition 4.1. An S-unit is an element α in K such that the principal fractional ideal generated by α can be written as a product of the prime ideals in S. In other words, the set of S-units, O * S can be defined as:
is principal, and prime ideals are generated by primes. Thus we may think of S as a finite set of primes S = {p 1 , p 2 , . . . , p r }. Then an S-unit of K is a rational number a b such that a or b are only divisible by the primes in S; i.e. S is finitely generated with rank equal to r 1 + r 2 + #S − 1, where (r 1 , r 2 ) is the signature of K.
Observe that letting S = ∅ allows us to see the Dirichlet's unit theorem as a special case of Dirichlet's S-unit theorem.
Definition 4.5. Let K be a number field and S a finite set of prime ideals of O K . The S-unit equation is the equation The original proofs due to Siegel and Parry are non-effective. Later on, Baker's theory of linear forms in logarithms gave effective though very large bounds for the solutions. In his 1989 PhD thesis Benne de Weger [dW89] showed how these bounds can be combined with the LLL algorithm to give a practical method for solving such equations. Variants of de Weger's algorithm can be found in Smart's book [Sma98] and also in [AKM + 19] and [vKM16] .
Example 4.7. We illustrate the practicality of the algorithm of de Weger and its variants through the following example. Let F = Q(ζ 16 ) where ζ 16 is a primitive 16-th root of unity. Then F is a totally complex number field of degree 8. Let p = (1 − ζ 16 ) · O F ; this is the unique prime above 2. Let S ′ = {p}. Smart [Sma99] determines the solutions to the equation λ + µ = 1 with λ, µ ∈ O * S ′ and finds that there are precisely 795 solutions (λ, µ)-too many to enumerate here! Example 4.8. Let K be a number field in which there is a degree 1 prime P above 2 (i.e. the residue field O K /P = F 2 ). Let S be a finite set of prime ideals of odd norm. If λ, µ ∈ O * S then λ, µ ≡ 1 (mod P) and so λ + µ ≡ 0 (mod P). Thus the S-unit equation (4.1) has no solutions.
Before de Weger the most promising method for solving S-unit equations was Skolem's p-adic method (now often called Chabauty-Coleman-Skolem). This method still has a lot of promise, as the following recent and beautiful theorem of Nicholas Triantafillou [Tri20] shows. For an extensive survey of results on S-unit equations, see [EG15] .
S-Unit Equations and Elliptic Curves
In this section we explore more fully the relationship between solutions to S-unit equations and certain families of elliptic curves. A theorem of Shafarevich asserts that given a finite set of prime ideals S in the ring of integers O K of a number field K, there are only finitely many elliptic curves E/K with good reduction outside S. For illustration we consider a special case of this problem where K = Q and E is assumed to have a point of order 2. There is no loss of generality in supposing that 2 ∈ S. We write S = {2, p 1 , p 2 , . . . , p k } where p 1 , . . . , p k are distinct odd primes. We may suppose that E has a model of the form
where a, b are rational integers, and the discriminant ∆ = b 2 (a 2 − 2b) = 0. Moreover, we can choose a, b so that this model is minimal away from 2. As E has good reduction away from S we see that
for some integers 0 ≤ β i ≤ α i . Note that this gives a solution to the equation
More generally the task of determining elliptic curves with a point of order 2 over a number field K and a good reduction outside a finite set of prime ideals T reduces to solving an equation of the form
where S is a suitable enlargement of T that takes account of the class group of K. An algorithm for solving equations of the form (5.1) is given in de Weger's thesis [dW89] .
We now look at a similar problem that arises in the context of understanding Fermat-type equations over number fields. Let K be a number field. An elliptic curve E/K is said to have potentially good reduction at a prime ideal q of O K if there is a finite extension L/K so that E/L has good reduction at every prime ideal q ′ of O L above q. It is possible to show that E/K has potentially good reduction at q if and only ord q (j(E)) ≥ 0 where j(E) is the j-invariant of E. Now let S be a finite set of prime ideals of O K . We are interested in the set E S of elliptic curves E/K with full 2-torsion and potentially good reduction outside S. Here we suppose that S includes all the prime ideals of O K above 2. We follow the treatment in [Dec16] . By assumption the elliptic curves we are dealing with are of the form
where the a i ∈ K are distinct. Let λ = a3−a1 a2−a1 ∈ P 1 (K) − {0, 1, ∞}. This is called the λ-invariant of E.
Lemma 5.1. Let S 3 be the symmetric group on three elements. The action of S 3 on {a 1 , a 2 , a 3 } can be extended to P 1 (K) − {0, 1, ∞}. Under this action the orbit of λ = (a 3 − a 1 )/(a 2 − a 1 ) ∈ P 1 (K) − {0, 1, ∞} is
Proof. This is a straightforward computation. For example if σ ∈ S 3 is the transposition (1, 2) then it swaps a 1 , a 2 and keeps a 3 fixed. Hence
From now on we think of S 3 as acting on P 1 (K) − {0, 1, ∞}, via the six transformations λ → λ, λ → 1/λ, λ → 1 − λ, . . .
Lemma 5.2. The set of λ-invariants P 1 (K) − {0, 1, ∞}, up to equivalence under the action of S 3 , is in one to one correspondence with the set of elliptic curves over K with full two torsion up to isomorphism over K.
Proof. This is essentially Proposition III.1.7 in Silverman's book [Sil09] . The correspondence is induced by the association E → λ = (a 3 − a 1 )/(a 2 − a 1 ) where E has the form (5.2). The inverse is given by sending the class of λ ∈ P 1 (K) − {0, 1, ∞} to the K-isomorphism class of the Legendre elliptic curve
} be the set of solutions of the S-unit equation (4.1). Let E S be the set of elliptic curves over K with full 2-torsion and having potentially good reduction outside S. If E 1 , E 2 are in E S and isomorphic over the algebraic closure of K then we say that E 1 , E 2 are equivalent.
Lemma 5.3. Suppose S is a finite set of prime ideals of O K that includes all the primes above 2. Then S 3 acts on W S via π(λ, µ) = (λ π , 1 − λ π ). Moreover the set of S 3 orbits of W S are in bijection with the equivalence classes in E S .
Proof. This is essentially routine computation; for full details see [Dec16, Section 5] . The bijection is induced by the maps in Lemma 5.2.
S-Unit Equations and Fermat
In this section we state a theorem that relates the Fermat equation over totally fields to S-unit equations, following [FS15]. Generalizations to fields with complex embedding are known and we discuss them in later sections, but the statement is easier in the totally real setting. In some cases we will need the Eichler-Shimura conjecture which we now state. Conjecture 6.1 ("Eichler-Shimura"). Let K be a totally real field. Let f be a Hilbert newform of level N and parallel weight 2, and rational Hecke eigenvalues. Then there is an elliptic curve E f /K with conductor N having the same L-function as f.
Let K be a totally real field, and let (6.1) S = {P : P is a prime ideal of O K above 2}, T = {P ∈ S : f (P/2) = 1}, U = {P ∈ S : 3 ∤ ord P (2)}.
Here f (P/2) denotes the residual degree of P. We need an assumption, which we refer to as (ES):
or Conjecture 6.1 holds for K.
Theorem 6.2 (Freitas and Siksek). Let K be a totally real field satisfying (ES). Let S, T and U be as in (6.1). Write O * S for the group of S-units of K. Suppose that for every solution (λ, µ) to the S-unit equation (4.1) there is (A) either some P ∈ T that satisfies max{|ord P (λ)|, |ord P (µ)|} ≤ 4 ord P (2), (B) or some P ∈ U that satisfies both max{|ord P (λ)|, |ord P (µ)|} ≤ 4 ord P (2), and ord P (λµ) ≡ ord P (2) (mod 3). Then the asymptotic Fermat conjecture holds over K.
Proof Sketch. The proof largely follows the strategy sketched in Sections 2 and 3. Write E for the Frey curve associated to a non-trivial solution to the generalized Fermat equation (1.1) . The strategy relates ρ E,p to ρ F,p where F is an elliptic curve defined over K with full 2-torsion and conductor N which does not depend on the solution to the Fermat equation but only on the field K. Inspired by ideas of Kraus, and of Bennett and Skinner, Freitas and Siksek study the possibilities for the image of inertia ρ E,p (I P ). Since the representations ρ E,p and ρ F,p are isomorphic this yields information about the elliptic curve F . In particular they deduce that F has potentially good reduction at all primes outside S. Lemma 5.3 relates F to a solution (λ, µ) of the S-unit equation (4.1). The theorem follows from examining the possibilities for ρ E,p (I P ) ∼ = ρ F,p (I P ) at the primes P ∈ T , U and relating these to the solution (λ, µ) of the S-unit equation (4.1) corresponding to F . Example 6.3. Let K = Q(ζ 16 ) + = Q 2 + √ 2 . This is a degree 4 totally real field in which 2 is totally ramified: 2O K = P 4 where P = 2 + √ 2 · O K . In particular, S = T = {P} in the above notation. As stated in Example 4.7 the S-unit equation (4.1) has 585 solutions. It turns out that they all satisfy condition (A) of the theorem. Hence the asymptotic Fermat conjecture holds for K.
Through a detailed study of solutions to S-unit equations over real quadratic fields, Freitas and Siksek [FS15] prove the following, which in essence says that the asymptotic Fermat conjecture holds for almost all real quadratic fields. Theorem 6.4 (Freitas and Siksek) . Let N sf denote the set of squarefree natural numbers > 1. Let F be the subset of d ∈ N sf for which the asymptotic Fermat conjecture holds over Q( √ d). Then
If we assume the Eichler-Shimura conjecture then
Generalizations
Theorem 6.2 has been vastly extended in a number of ways. The analogue over general number fields was worked by Şengün and Siksek [ŞS18] . Meanwhile a theorem relating the Fermat equation with coefficients Ax p + By p + Cz p = 0 over totally real fields to S-unit equations was proved by Deconinck [Dec16] . The most general result is due to Kara and Ozman [KO20] which we now describe.
Let K be a number field. We assume two standard conjectures from the Langlands programme, which we describe briefly without stating them precisely. For a precise statement of these conjectures see [KO20] or [ŞS18] .
(I) Serre's modularity conjecture over K. This associates to a totally odd, continuous, finite flat, absolutely irreducible mod p representation of Gal(K/K) a cuspform of parallel weight 2 whose level is equal to the prime-to-p part of the Artin conductor of the representation. (II) An "Eichler-Shimura conjecture". This associates to a weight 2 cuspform with rational Hecke eigenvalues either an elliptic curve or a "fake elliptic curve".
Let A, B, C be non-zero elements of O K . We consider the following generalized Fermat equation (7.1) Ax p + By p + Cz p = 0, and we are interested in solutions (x, y, z) ∈ K 3 . We say that such a solution is trivial if xyz = 0 otherwise we say it is non-trivial. Let
where the product is taken over the prime ideals q dividing ABC. This is called the radical of ABC. Let
The following is the main theorem of [KO20] .
Theorem 7.1 (Kara and Ozman). Let K be a number field satisfying conjectures (I) and (II). Let A, B, C be odd elements of O K (i.e. ABC are not divisible by any prime ideal P | 2). Let S, T be as above. Suppose that for every solution (λ, µ) to the S-unit equation (4.1) there is a prime P ∈ T such that max{|ord P (λ)|, |ord P (µ)|} ≤ 4 ord P (2).
Then the asymptotic Fermat's Last Theorem holds for (7.1); in other words there is a constant B(K, A, B, C) such that if p > B(K, A, B, C) is prime then the only solutions to (7.1) are the trivial ones.
From this Kara and Ozman deduce an analogue of Theorem 6.4 for complex quadratic fields. More recently these techniques have been applied by Isik, Kara and Ozman [IKO] to study Fermat equations of signature (p, p, 2) over number fields, by which we mean equations of form Ax p + By p = Cz 2 .
S-Unit Equations and Z ℓ -Layers
In two recent works [FKS20] and [FKS20b] , Freitas, Kraus and Siksek prove the asymptotic Fermat conjecture for the layers of various cyclotomic Z ℓ -extension of Q. We first introduce these extensions. Let ℓ be a rational prime. For now let ℓ be odd and n ≥ 1. The cyclotomic field Q(ζ ℓ n+1 ) has a unique subfield of degree ℓ n which we denote by Q n,ℓ . This is a cyclic, totally real extension of Q with Galois group Z/ℓ n Z. Clearly Q n,ℓ is a subfield of Q n+1,ℓ . The union of these fields is denoted
Q n,ℓ and has Galois group isomorphic to Z ℓ . This is called the cyclotomic Z ℓ -extension of Q, and the field Q n,ℓ is called the n-th layer of Q ∞,ℓ .
For ℓ = 2 all the above is true with a small adjustment: we take Q n,2 = Q(ζ 2 n+2 ) + . In [FKS20] the following theorem is proven.
Theorem 8.1. The asymptotic Fermat conjecture is true for Q n,2 . Proof Sketch. Write K = Q n,2 . Then 2 is totally ramified in O K and we let P be the unique prime above 2. In the notation of Theorem 6.2, S = T = {P}. The key to the proof is to show that every solution (λ, µ) to the S-unit equation (4.1) satisfies condition (A) of Theorem 6.2. Let (λ, µ) be a solution (4.1). Write m λ,µ := max{|ord P (λ)|, |ord P (µ)|}; this is the quantity appearing in criterion (A) of Theorem 6.2. Suppose (8.1) m λ,µ > 2 ord P (2).
The S 3 -action does not affect the value of m λ,µ , and by considering this action on (λ, µ) we may suppose that ord P (µ) = 0 and ord P (λ) = m λ,µ . Then µ ∈ O * K and µ = 1 − λ ≡ 1 (mod 4) by assumption (8.1). It follows from this that the extension K( √ µ)/K is unramified at P. Since µ is a unit, this extension is unramified at all odd primes. Thus K( √ µ)/K is unramified at all the finite places. We now shall need a theorem due to Iwasawa which asserts that Q n,2 has odd narrow class number. Thus K( √ µ) = K and so µ is a square. We write µ = δ 2 where δ ∈ O * K .
It follows easily that one of the ord P (λ i ) is m − ord P (2) and the other is ord P (2), where m = m λ,µ = ord P (λ). By swapping δ and −δ if necessary, we may suppose ord P (λ 1 ) = m − ord P (2) and ord P (λ 2 ) = ord P (2). Multiplying the two equations in (8.2), dividing by λ 2 2 and rearranging we obtain
Observe that λ ′ , µ ′ ∈ O * S so we obtain another solution to (4.1). Moreover, m λ ′ ,µ ′ = 2m λ,µ − 2 ord P (2) > m λ,µ , where the last inequality follows from (8.1). This shows that the solution (λ ′ , µ ′ ) is different from (λ, µ) and also satisfies (8.1). Repeating the argument allows us to construct infinitely many solutions to the S-unit equation contradicting Siegel's theorem (Theorem 4.6). Thus assumption 8.1 is false. We deduce that every solution to (4.1) satisfies m λ,µ ≤ 2 ord P (2) and in particular satisfies condition (A) of Theorem 6.2. This completes the proof.
The following more recent theorem is from [FKS20b] .
Theorem 8.2 (Freitas, Kraus and Siksek). Let ℓ ≥ 5 be an odd prime. Suppose ℓ is non-Wieferich (i.e. 2 ℓ−1 ≡ 1 (mod ℓ 2 )). Then the asymptotic Fermat conjecture holds over Q n,ℓ for all n ≥ 1.
A key step towards the proof of this theorem is the following theorem about unit equations, which applies to K = Q n,ℓ with ℓ ≥ 5.
Theorem 8.3. Let ℓ ≥ 5 be an odd prime. Let K be an ℓ-extension of Q (i.e. a finite Galois extension of Q with degree [K : Q] = ℓ n for some n ≥ 1). Suppose ℓ is totally ramified in O K . Then the equation λ + µ = 1 does not have any solutions λ, µ ∈ O * K . Proof. Let G = Gal(K/Q). Let L be the unique prime ideal of O K above ℓ. As ℓ is totally ramified in O K , we know that L σ = L for all σ ∈ G. Moreover, the residue field O K /L is simply F ℓ . In particular, for any λ ∈ O K then there is some a ∈ Z such that λ ≡ a (mod L). Applying σ ∈ G to this congruence we see that λ σ ≡ a (mod L). Let Norm denote the norm for the extension K/Q. Then Norm(λ) = σ∈G λ σ ≡ a #G (mod L).
Since O K /L = F ℓ and since #G = ℓ n , Fermat's Little Theorem gives a #G ≡ a ≡ λ (mod L). We deduce that Norm(λ) ≡ λ (mod L) for all λ ∈ O K . Now let λ, µ ∈ O * K and suppose λ + µ = 1. By the above λ ≡ ±1 (mod L) and µ ≡ ±1 (mod L). Hence ±1 ± 1 ≡ 1 in O K /L = F ℓ . This is impossible as ℓ ≥ 5.
A Generalization of the Asymptotic Fermat Conjecture
It is perhaps appropriate to state a generalization of the asymptotic Fermat conjecture, inspired by the works of Deconinck [Dec16] and of Kara and Ozman [KO20] . 
